The count rate in dark matter direct-detection experiments should exhibit modulation signatures due to the Earth's motion with respect to the Galactic dark matter halo. The annual and daily modulations, due to the Earth's revolution about the Sun and rotation about its own axis, have been explored previously. Monthly modulation is another such feature present in rate counts, and provides a nearly model-independent method of distinguishing dark matter signal events from background. We study here monthly modulations in detail, examining both the effect of the motion of the Earth about the Earth-Moon barycenter and the gravitational focusing due to the Moon. We show that the former is the dominant source of monthly modulation, and that the amplitude of the monthly modulation varies on an annual cycle. The expected amplitude of monthly modulation is quite small which makes its detection challenging; any such detection however, would provide very strong evidence that candidate events are due to dark matter scattering.
I. INTRODUCTION
There exists a preponderance of evidence that some form of non-baryonic dark matter makes up a significant fraction of the mass in the universe; its detailed properties however, remain a mystery (for reviews see [1, 2] ). Understanding the nature of dark matter holds considerable importance for particle physics, high energy theory, astrophysics, and cosmology, and there has been a great deal of effort expended toward achieving a better understanding of dark matter through experiment. Several intriguing hints notwithstanding, there so far have been no conclusive results to this end.
Dark matter direct-detection experiments seek to measure the interaction of dark matter particles streaming through the Earth with the ordinary matter that makes up a detector [3] [4] [5] : collisions in detector material may result in ionization along with the deposit of heat and/or light, which are measured.
1 Many such experiments are currently in operation around the world (see Sec. 24 of [8] for a recent survey of the experimental situation).
One of the main challenges these experiments face is the presence of backgrounds: cosmic rays and radioactive decays in the material in and around the experiment, for instance, can create signals which mimic those of dark matter scattering events. Due to such effects, experiments are often carried out underground with large amounts of shielding, and also employ sophisticated methods for distinguishing background events from candidate signal events. Despite these efforts to minimize the number of background events, they can never be completely removed from the data.
One method which has been proposed to distinguish dark matter scattering events from the background is to study the time dependence of the event rate [9] [10] [11] . Specifically, since the motion of a detector relative to the dark matter halo affects the observed event rate by altering the incoming flux of dark matter particles, there should be modulation signatures in the rate count, the details of which are largely independent of dark matter properties and detector physics, though they are sensitive to the local dark matter phase space distribution [9] [10] [11] . Annual modulation is the most prominent example of such an effect, and it arises due to the annual motion of Earthbound detectors around the Sun.
The DAMA experiment has operated for more than a decade and has reported with high significance an annually modulating rate of dark matter candidate events [12] . Although the amplitude and phase of the modulation seem to agree well with the modulation expected for dark matter events in the simplest astrophysical scenarios, an interpretation in terms of dark matter seems to be at odds with the null results from several other direct-detection experiments [13] [14] [15] [16] [17] [18] (though see [19] ). This disagreement has led some to propose that the annual modulation seen in DAMA data * vivian.britto@mail.utoronto.ca † jmeyers@cita.utoronto.ca 1 Our discussions will be framed primarily in terms of direct-detection experiments which search for dark matter resembling weakly interacting massive particles. Experiments which search for axion-like particle dark matter [6] also exhibit modulation signals analogous to those discussed throughout this work, though they are manifested in a different way [7] .
is due to background events which themselves modulate annually (see e.g. [20] [21] [22] ), though some of these proposals have been disputed by the DAMA collaboration [23] . Several of these criticisms are grounded on the fact that many physical quantities (temperature, cosmic ray activity, solar neutrino flux) vary on an annual cycle, which could in principle result in an annually modulating event rate. Addressing the veracity of these claims and counter-claims is outside the scope of this paper. In addition to annual modulation, the daily rotation of the Earth results in a diurnal modulation of the dark matter flux [7, 24, 25] . While a detection of a diurnal modulation accompanying an annual one would provide great support to the dark matter interpretation of any proposed detection, there are several quantities (similar to those detailed above) which change on a daily cycle, and thus could also conceivably result in a diurnally modulating background event rate. Furthermore, the diurnal modulation of the dark matter event rate results from a combination of the diurnal cycle of the detector velocity, the gravitational focusing of dark matter due to the Earth, and eclipsing of the stream of dark matter particles which pass through the bulk of the Earth, making predictions for the specific form of the diurnal modulation more complicated and model-dependent than the annual modulation. All things considered then, there is a need for a method whereby one can directly confirm or refute the dark matter hypothesis as the source of the annual and/or diurnal modulations. In this paper, we discuss one such method.
The Earth undergoes a monthly motion due to its interaction with the Moon, and this "wobble" of the Earth about the Earth-Moon barycenter results in a monthly modulation of the dark matter event rate. The expected modulation, though unambiguously present and nearly model-independent, is quite small. However, in contrast to the daily and annual modulations, far fewer potential sources of background change over a monthly cycle, making a detection of monthly modulation an extremely convincing confirmation of the detection of dark matter.
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In this work, we study in detail the monthly modulation anticipated in the event rate of dark matter directdetection experiments. Sec. II reviews the relevant background material and defines the notation used throughout the paper. In Sec. III, we examine two sources of monthly modulation: the motion of the Earth about the Earth-Moon barycenter, and gravitational focusing due to the Moon. We demonstrate that the monthly modulation depends on both the sidereal and synodic monthly periods, leading to an annually-varying amplitude for the monthly modulation. Further, we show that the gravitational focusing due to the moon has a negligible impact on the monthly modulation signal. We conclude in Sec. IV. The details of the coordinates and velocities we use are specified in Appendix A.
II. BACKGROUND AND NOTATION
Dark matter direct-detection experiments seek to measure the recoil of nuclei in a detector due to scattering with dark matter particles. The differential scattering rate for such events is given by
where E nr is the nuclear recoil energy, ρ χ is the local dark matter density, m χ is the dark matter mass, µ is the reduced mass of the dark matter-nucleus system, q is the momentum transfer, σ(q 2 ) is the effective cross section of collision, and
where f (v, t) is the dark matter velocity distribution in the Lab frame, and v min is the minimum velocity required of an incoming dark matter particle to produce a recoil energy E nr . The scattering rate contains several sources of time dependence. The dark matter density and distribution function in the solar neighborhood for instance, are in principle inherently time dependent, though we will assume that any variation in these quantities occurs on time scales much longer than the relevant observations, and can thus be neglected. A more important source of time dependence is the motion of the detector relative to the rest frame of the dark matter halo, which changes the portion of the distribution function which is sampled by the experiment; the differential scattering rate therefore depends upon the velocity of the detector. As stated in Sec. I, the most prominent of this sort of effect is an annual modulation due to the Earth's motion around the Sun, though there also exists a daily modulation due to the rotation of the Earth and a monthly modulation due to the motion of the Earth about the Earth-Moon barycenter. Also, the gravitational influence of bodies near the detector distorts the local dark matter density and velocity distribution, which gives the rate a dependence upon the position of the detector relative to these bodies.
If gravitational focusing is ignored, the velocity distribution f (v, t) of the dark matter particles in the Lab frame is related to the Dark Matter Halo frame distributionf (v) by the Galilean transformation
where v obs (t) is the velocity of the detector relative to the Dark Matter Halo frame. If we ignore the effect of the Earth's rotation, v obs (t) is given by
where v ⊙ ≈ (11, 232, 7) km/s is the velocity of the Sun in Galactic coordinates [26, 27] , and v es (t) is the velocity of the Earth in the Solar frame.
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To introduce the effect of gravitational focusing, we use the fact that Liouville's theorem guarantees the constancy of the phase-space density of dark matter particles along their trajectories [28] : for dark matter particles passing near the Sun and arriving at the Earth, we have
where ρ ∞ is the dark matter density asymptotically far away from Sun's gravitational well. The function v ∞,s [v] is derived from the conservation of the Laplace-Runge-Lenz vector [29, 30] and specifies the velocity v ∞,s a particle must have far away from the Sun in order to arrive at the Earth with a velocity v (measured in the Solar frame). As such, it describes the gravitational focusing effect of the Sun and is given by
where
esc,s from conservation of energy, and u esc,s = 2GM ⊙ /r es (t) ≈ 40 km/s is the escape velocity from the Sun near the Earth's orbit.
Finally, we will assume throughout that the velocity distribution of dark matter in the halo rest frame is given by the Standard Halo Modelf
and z ≡ v esc /v 0 . We take v 0 = 220 km/s and set the escape velocity from the Galaxy to be v esc = 550 km/s [28, 31] .
III. SOURCES OF MONTHLY MODULATION A. Motion of the Earth around the Earth-Moon Barycenter
The barycenter for the Earth-Moon system is located on the line joining their centers at a distance of
roughly three-fourths of the Earth's radius, from the center of the Earth; here r em is the distance between the centers of the Earth and Moon, and M e and M m are their respective masses. The precise description of the orbit of the Earth-Moon system is complicated by the non-negligible effect of the Sun's gravitational force on the system, but it will be sufficient for our purposes to treat the orbit of the Earth around the barycenter as an ellipse which is slightly inclined (by about 5.2
• ) relative to the ecliptic, with the orbital period of a sidereal month, T sid ≈ 27.32 days. See Appendix A for a more detailed description of the orbits.
It is clear at the outset that including the wobble of the Earth about the Earth-Moon barycenter in the definition of v es will add some form of a monthly modulation to the differential rate. We can estimate its size to be on the order v eb /v bs ≈ (1.3 × 10 −2 km/s)/(30 km/s) ≈ 0.04% of the size of the annual modulation; since the annual motion of the Earth around the Sun itself causes the rate to modulate by about v bs /(4v ⊙ ) ≈ 3% for v min ∼ v 0 [5, 25] , the monthly modulation should be approximately 10 −5 times the size of the mean rate for similar detector thresholds. Let us investigate this monthly effect in more detail, beginning by neglecting the effects of gravitational focusing.
In this case, the function η(v min , t) defined in Eq. (2), now reads
where we have used the fact that for the Standard Halo Model in the absence of gravitational focusing, the time dependence of the mean inverse speed η(v min , t) enters only through the speed of the detector relative to the dark matter halo v obs (t). This integral can be evaluated analytically [5] :
where we have defined
In order to isolate the effects of the Earth's motion about the Earth-Moon barycenter, we subtract from Eq. 10 the effects of the annual motion of the Earth around the Sun, which can be obtained by computing η without the barycentric wobble of the Earth:
where v bs (t) is the velocity of the Earth-Moon barycenter with respect to the Sun (see Appendix A for the specific form of these velocities). Fig. 1 shows a plot of this residual function at v min = 100 km/s. Note that for the modulation plots throughout this work, we will plot the dimensionless "fractional modulation" on the y-axis (defined as ∆η/ η , where angle brackets refer to the time average) to indicate the size of the modulation as compared to the mean rate, and time measured in days from J2000.0 on the x-axis. First, notice from the figure that the estimate we made above of the relative size of the monthly modulation to the annual is in fact a good one. It is clear however, that the effect of the Earth's wobble is more complicated than a simple monthly modulation: the amplitude of the monthly modulation itself modulates annually.
In order to explain this behavior, we will treat the velocity of the Earth relative to the Earth-Moon barycenter v eb (t) as a small perturbation to v obs (t) in η. Using the spherical symmetry of the distribution function, the Taylor expansion of η reads
we can hence approximate the residual function Eq. (12) up to terms of order v
where we have made the identificationsṽ obs (t) = v ⊙ + v bs (t) and δv obs (t) = v eb (t). Fig 1 shows that this approximation provides an excellent fit to ∆η, and analytically describes all its discernible features, as we shall now see.
Let us examine the time dependence of the dot product appearing in Eq. (14); see Fig. 2 for a plot. The unit vectorsv bs andv eb to zeroth order in eccentricity take the form The fractional modulation is defined as ∆η/ η (with ∆η itself defined in Eq. (12)). The dashed red line is the plot of the fractional modulation using the approximation to ∆η given in Eq. (14) .
where ω yr = 2π/T yr , ω sid = 2π/T sid ; we will leave the phases unspecified in these intermediate steps for clarity, but it is straightforward to retain them throughout the calculation. The dot product of these unit vectors is given bŷ
where i m ≈ 5.2
• is the inclination of the orbital plane of the Moon with respect to the ecliptic. We will approximate cos i m ≈ 1 for simplicity here. Recognizing the difference between the sidereal and annual frequencies as precisely the synodic frequency, ω syn ≡ ω sid − ω yr , we obtain
We can now use this result to compute the dot product appearing in Eq. (14):
where t 1 is the time when v eb is most nearly parallel to v ⊙ , t 2 is the time when v eb is most nearly parallel to v bs . We Plot showing the time dependence of P(t), defined in Eq. (19) . Notice that due to the presence of terms with both the sidereal and synodic monthly periods, P(t) exhibits an annual "beat" which then also appears in ∆η; see Fig. 1 for comparison.
Earth-Moon barycenter, and it is the presence of both these frequencies in the residual function produces that an annual "beat" in the differential scattering rate.
We turn now to the functional dependence of ∆η on v min , which is directly related to detector energy threshold. In Fig. 3 we plot the fractional modulation for four different values of v min . Note that both ∆η and η are functions of the threshold speed v min : η is a monotonically decreasing function of v min (see Fig. 4 ), while the behavior of ∆η is more complicated and is described by the function
which appears in Eq. (14) . It can be computed analytically:
see Fig. 5 for plots of this function. First, consider the amplitude of the fractional modulation shown in Fig. 1 and Fig. 3 . We see (apart from a decrease in amplitude between v min = 100 km/s and v min = 200 km/s) that the size of fractional modulation increases with v min , which might seem to imply that modulation is most easily detectable for experiments with high detector threshold. But since the mean rate decreases quite rapidly with v min (Fig. 4) , the small mean rate in this range makes any detection of dark matter more difficult than for experiments with lower thresholds, despite the large fractional modulation at high v min .
Another aspect of A that is important in describing features of ∆η is that for a fixed v min , A modulates annually with t; see Fig. 5b . Note that this effect is distinct from, and competes with, the annual beat in P, shown earlier in Fig. 2 . For instance, the annual envelope in ∆η for v min in the range 220 − 300 km/s is muted compared to the envelope for P, because the annual feature in A is out of phase with the annual envelope in P in this range. Then for v min in the range 300 − 330 km/s, the envelope looks much closer to that of P, since the annual feature of A flattens out for these values. Finally, for v min ≥ 330 km/s, the characteristics of the envelope in ∆η are pronounced, owing to the fact that the peaks and troughs of A are now in phase with those of P.
Additionally, because A is negative for v min 200 km/s, the fractional modulation has a phase opposite that of P in this range; compare Figs. 1 and 2. In fact, this flip causes the annual components of A and P to line up, accentuating the annual envelope in ∆η. The crossing of A from negative to positive at v min ≈ 200 km/s causes a shift in the peak of the annual envelope from early December to early June, which in turn results in the peak of the monthly modulation shifting by about two weeks; this can be used to determine the dark matter mass [32] . 
B. Focusing Effect of the Moon
Just as in the case of the Sun, the gravitational well of the Moon distorts the local distribution of dark matter. As a result, the position of the Moon relative to the Earth affects the scattering rate, and introduces an additional source of monthly modulation. In the absence of other masses, the velocity v ∞,m that a particle must have infinitely far from the Moon in order to have a velocity v (in the Lunar frame) at the position of the Earth, is given by straightforward modifications to Eq. (6):
.01 km/s, and r em (t) the position of the Earth in the Lunar frame. In reality, however, any particle which passes near the Moon is also necessarily affected by the gravitational pull of the Sun. To account for this, we will make the approximation that the Sun's gravitational potential does not appreciably change in the vicinity of the Moon, so that we can take the incoming velocity of a particle in the Lunar frame to be given by the result of the Sun's gravitational deflection at the position of the Moon. 4 Putting all of this together then, the product of the dark matter density and mean inverse speed is given by
where v em is the velocity of the Moon in the Solar frame. Notice that the effects of annual and monthly motion of the Earth, as well as the the gravitational focusing due to the Sun and Moon have been included here.
To estimate the effects of gravitational focusing, we first note that focusing effects peak when the detector is positioned most nearly behind the focusing body with respect to the stream of incoming dark matter particles, and this occurs a quarter period before (or after) the peak of the modulation due to the motion of the detector, which itself occurs when the detector moves most nearly toward (or away from) the stream of incoming particles. Said another way, the two effects peak at different times, so it is their relative size which determines the position of the peak in the actual rate count observed at a detector. In the case of the annual modulation, since the size of the effect of the Sun's gravitational focusing is similar in magnitude to the effect of the Earth's motion around the Sun (for low detector thresholds), gravitational focusing results in a phase shift of the annual modulation [28] . Hence, in order to determine whether a similar effect exists for the monthly modulation, we need to estimate the magnitude of the effect of the gravitational focusing effect due to the Moon, and compare it to the size of the effect of the Earth's barycentric wobble.
The modulation due to the focusing of the Moon scales roughly as (u esc,m /v) 2 [28] , and so for v = 300 km/s, we expect a monthly modulation on the order of 10 −7 % of the mean rate due to the gravitational focusing of the Moon alone. We have already estimated that the relative size of the barycentric effect to the annual is v eb /v bs ≈ 0.04%, and as stated above, the annual motion of the Earth around the Sun causes the mean rate to modulate by about v bs /(4v ⊙ ) ≈ 3%. Therefore, we see that relative size of the effect of the Moon's gravitational focusing to the barycentric motion is approximately
and so we expect a negligible modification to the monthly modulation as a result of the Moon's gravitational focusing.
To confirm this estimate, we carried out the full computation as follows. Since the integral appearing in Eq. (23) cannot be evaluated analytically, we computed it numerically, and studied the function
where the second term includes only the effects of annual modulation compounded by the Sun's gravitational focusing. The function ∆η m then, is a residual of all monthly signatures: it includes the effects of the barycentric motion of the Earth and the gravitational focusing of the Moon, and any compound effects. We fit ∆η m for various v min and t with functions of the form
and compared the amplitudes, A and B, and the phases, φ a and φ b , with those from analogous fits made to ∆η from Eq. (12) . We found that the parameters of the fit were essentially unchanged, confirming that the gravitational focusing of the Moon has a negligible impact on the monthly modulation from the barycentric wobble. One can further see this by computing the function ∆η m − ∆η, which isolates the effect of the Moon's gravitational focusing on the rate; see Fig. 6 for a plot. Notice that the graph shares several features with that of ∆η, most noticeably the annual envelope, which arises once again from the interaction between ω sid and ω syn . More significant is the fact that the fractional modulation of ∆η m − ∆η, even though larger for v min = 100 km/s than the estimate made above, is significantly smaller than the fractional modulation for ∆η itself. Further, the effect of gravitational focusing decreases with increasing threshold speed, and so it is even less important for higher v min . For all practical purposes then, the gravitational focusing due to the Moon can be ignored when considering monthly modulations in the rate. In addition to ∆η m , several other residual functions were computed and examined to check for interplay between the various effects discussed above. For instance, we studied the interaction between the gravitational focusing due to the Sun and the annual envelope of the barycentric wobble signature. The findings from these computations can be summarized simply as follows: (a) the annual modulation compounded by the effects of the Sun's gravitational focusing is the most dominant feature in the rate, and it is essentially unaffected by the addition of the barycentric wobble to the velocity; (b) the monthly modulation due to the Earth's motion about the Earth-Moon barycenter, as seen most directly by computing the residual function ∆η, is not significantly affected by focusing from either the Sun or the Moon.
IV. DISCUSSION AND CONCLUSION
The study of modulation in dark matter direct-detection experiments provides a useful tool for distinguishing signal events from background. Annual modulation is the most prominent and readily detectable type of modulation. However, there are several potential sources of background which also experience annual modulation, which motivates a deeper understanding of the expected time dependence of the dark matter event rate. Let us now briefly examine diurnal modulation, which we have so far ignored.
The rotation of the Earth imparts a velocity to the detector with magnitude v rot ≈ 0.46 cos ϕ 0 km/s relative to the center of the Earth, where ϕ 0 is the geographical latitude of the detector. This motion results in a daily modulation of the dark matter scattering rate which is approximately (2.2 cos ϕ 0 ) % of the annual modulation, or about (0.066 cos ϕ 0 ) % of the mean rate [25] . 5 On the other hand, the effect of gravitational focusing due to the Earth is more complicated than for the Sun or Moon: for a detector near the surface of the Earth, many particles will have passed through the bulk of the Earth before arriving at the detector, and a formula like Eq. (6) sufficient to calculate the effect of the Earth's gravity on each particle's velocity; energy conservation still dictates that v
esc,e , but the angular dependence of the focusing will be complicated. Despite these complexities, we can naively estimate the size of the focusing effect to be (u esc,e /v) 2 ≈ 0.14% of the mean rate for particles travelling at 300 km/s, which is more than twice as large as the effect of the rotational speed of the Earth. Additionally, the eclipsing of the incoming flux of dark matter particles by the bulk of the Earth (separate from the focusing effect just mentioned) contributes to diurnal modulation, and the size of this effect depends upon the dark matter properties as well as the geographical location of the detector [24, 33] . Since the diurnal modulation of dark matter scattering rate results from a combination of these three effects, making definite predictions for the expected modulation is challenging. In addition, there are daily cycles which affect potential sources of background. Therefore, despite the larger expected amplitude of daily modulation, a detection of monthly modulation would provide more conclusive evidence in favor of dark matter than would daily modulation.
The DAMA experiment has observed an annual modulation whose magnitude is (0.0112 ± 0.0012) cpd/kg/keV [12] . If this modulation is indeed due to dark matter, one should expect a monthly modulation with an amplitude of roughly 4 × 10 −6 cpd/kg/keV, which is unfortunately far below the current sensitivity of the experiment. Thus, it seems as though significant improvements in detector technology and exposure will be required in order to observe monthly modulation.
Nevertheless, given that monthly modulation is observable in principle and can be used to distinguish dark matter events from background, we considered it in some detail in this work. We examined both the motion of the Earth around the Earth-Moon barycenter and the gravitational focusing due to the Moon and found that the former was the dominant contribution to monthly modulation, being almost completely unaffected by the latter. In addition to the expected monthly cycles in the rate count, the annual envelope is a unique marker that would aid in characterizing a detected signal. Though the expected amplitude of monthly modulation is quite small and thus difficult to detect, any detection would provide distinct, model-independent support for an interpretation of a modulating event rate in terms of dark matter.
where λ p is the longitude of the periapsis. The position of orbiting body then, is given by
whereî and are orthonormal unit vectors that span the plane of the orbit, and is taken to be the reference direction. We now describe the motion of the Earth relative to the Sun in two parts: first we will specify the motion of the Earth-Moon barycenter about the Sun, then we will detail the motion of the Earth (and Moon) about the Earth-Moon barycenter. For the purposes of this calculation, we will assume that the barycenter of the Solar System remains fixed at the center of the Sun.
Using the equations from above, the motion of the Earth-Moon barycenter relative to the Sun is given by r bs (t) = r bs (t) (− sin λ bs (t)ǫ 1 + cos λ bs (t)ǫ 2 ) ,
whereǫ 1 = (0.9940, 0.1085, 0.003116) andǫ 2 = (−0.05173, 0.4945, −0.8677) are orthonormal unit vectors (given in Galactic coordinates) that span the ecliptic plane, and the relevant orbital elements are a bs = 1.4960 × 10 8 km, e bs = 0.016722, T yr = 365.256 days, t p,bs = 1.70833 days, and λ p,bs = 102.937
• [25, 34] . There are a few additional complications in describing the motion of the Earth about the Earth-Moon barycenter. First, Eq. (A3) gives the distance between the orbiting bodies, but we would instead here like to know the position of the Earth relative to the barycenter, not the Moon. This distance is in fact given by r eb (t) = r em (t) 1 +
and a similar relation describes the distance between the Moon and the barycenter:
Next, the Earth and Moon orbit about the Earth-Moon barycenter on similar ellipses which lie in a plane which is inclined relative to the ecliptic. To define their orbits then, we will need to define new unit vectors,ǫ 1,m andǫ 2,m , which span their barycentric orbital plane. To construct these unit vectors, we begin withǫ 1 andǫ 2 and perform two rotations. The first is a clockwise rotation by the longitude of ascending node Ω em = 125.08
• of the Moon's orbit with respect to the ecliptic, about the vectorǫ 3 ≡ǫ 1 ×ǫ 2 . Then, if we denote asǫ r mb (t) = r mb (t) (− sin λ em (t)ǫ 1,m + cos λ em (t)ǫ 2,m ) ,
where the orbital period is T sid = 27.3216 days, and the orbital elements are a em = 3.8470 × 10 5 km, e em = 0.0554, t p,em = 18.4493 days, and λ p,em = 318.15
• [35] . The position of the Earth relative to the Earth-Moon barycenter is then constructed from the same orbital elements: r eb (t) = −r eb (t) (− sin λ em (t)ǫ 1,m + cos λ em (t)ǫ 2,m ) .
Given Eqs. (A6) and (A11) then, the description of the Earth's position in the Solar frame, including its motion around the barycenter, is given by r es (t) = r eb (t) + r bs (t) ,
and v es (t) =ṙ es (t). Analogously, the position and velocity of the Moon in the Sun's frame are given by r ms (t) = r mb (t) + r bs (t) ; v ms (t) =ṙ ms (t) .
[1] G. Jungman, M. Kamionkowski, and K. Griest, Phys.Rept. 267, 195 (1996) , arXiv:hep-ph/9506380 [hep-ph].
